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INTRODUCTION

The notion of lattice was introduced by Richard Dedekind to study the relations
between ideals and rings of numbers. The lattice concept helps to unify a number
of ideas.This paper aims to give a very basic concept about lattices,modular lattices
and representation of modular lattice D.The key idea is the construction of sub lat-
tices B(1) and B(/) called cubicles.We start with the fundamental concepts,properties
and propositions about lattice and different lattices including distribute lattice with
examples in the first chapter.We then discuss about modular lattice and its char-
acterization in second chapter.Representation of modular lattices are discussed in
the third chapter.Eventually we end up with discussing about the sub lattices of
modular lattices called cubicles and their construction are discussed in the fourth

chapter.



Chapter 1

Lattice-Basic concepts

section 1.1.

Definition:Partial order

A partial order is a binary relation < over a set P which is reflexive,antisymmetric

and transitive,that is which satisfies for all a,b and ¢ in P;[1]
e a< a(reflexivity).
e if a < b, and ,b< a then b=a (antisymmetric)
e a< b and b< ¢ then a< c (transitivity)[1]

A set with a partial order is called a partially ordered set(also called a poset). A
poset (L,<) is called a lattice ordered if for every pair x,y of elements of L their

supremum and infimum exist.[1]

Examples
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e The set R of real numbers ordered by the standard relation < is a poset.

e The set N of natural numbers equipped with the relation of divisibility. That

is here ajb means a/b(a divides b) forms a POSET.

e Let H be a collection of sets A,B,C...then H under contained in forms a

poset.i.e, here AjB means A C B.[1]

Hasse Diagrams

A Hasse diagram is a graphical representation of the relation of elements of a par-
tially ordered set. To define Hasse diagrams, we first define a relation covers as
follows.For any two elements x,y € X Y covers x if x<y and V z € X:x<z<y implies
z=x.In other words, there should not be any element z with x<z<y. We use y+»x
to denote that y covers x(or x is covered by y). We also say that y is an upper
cover of x and x is a lower cover of y.A Hasse diagram of a poset is a graph with the
property that there is an edge from x to y iff y—>x.[1] Furthermore,when drawing
the graph on a Euclidean plane,x is drawn lower than y when y covers x.This allows

us to suppress the directional arrows in the edges.[1]

Join and Meet Operations
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Now define on subset of X-meet or infimum and join or supremum.

Let YCX, where (X;<) is a poset. For any meX, we say that m=inf Y iff

1. VyeY:m<y,and

2.Vm eX:(VyeY eYim'<y) = m’< m.[1]

The condition (1) implies m is a lower bound of Y and (2) implies if m’ is another
lower bound of Y,then m’ is less than m.
Then m is called greatestlower bound of the set Y.Observe that m is not required to

be an element of Y.The definition of sup is similar.For any seX,we say that s=sup

Y iff[1]

1. VyeY:y<s

2. V8'eX:(VyeY:y<s') = s<s'[1]

Then s is called the least upper bound of Y.We denote the glb a of a, bby aUb,and lub
of a,b by anb.In the set of natural numbers ordered by the divides relation ,the glb
corresponds to finding the greatest common divisor(ged)and the lub corresponds to
finding the least common multiple of two natural numbers.The greatest lower bound

or the least upperbound may not always exist.|[3]
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Lemmal.1.1[Connecting Lemmal]
1. x<y=(xUy)=y,and

2. x<y=(xNy)=x/3]

Proof:

x<y implies that y is an upper bound on z, y.Y is also the least upper bound because
any upper bound of x, y is greater than both x and y. Therefore, (xUy)=y.Conversely,(xUy)=y

means y is an upper bound on x, y.Therefore,x<y.

The proof for the second part is the dual of this proof.
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section 1.2.

Definition:Lattices.

A poset (x;<) is a lattice iff ¥x,yeX: xUy and xNy exist. Or a lattice L is a set with
two binary operations, intersection and sum.

if a,bel,we denote their intersection by a.b and their sum by a+b.Each of those
operations is commutative and associative. Moreover for any a,b€l. we have the

identities;[2]
1. a,bela.a=a and a+a=a (idempotent law)
2. a,beL,a.b=b.a and a+b=Db-+a (commutative law)
3. a,b,ceLl,a.(b.c)=(a.b).c and a+(b+c)=(a+b)+c (associative law)

4. a,beL,a.(a+b)=a,a+(a.b)=a (absorption law)[2]

In Mathematics a lattice is a partially ordered set in which every two elements have
a unique supremum and a unique infimum. An example is given by when P is a set of
positive integers set x<y in P when x divides y without remainder. Lattices can also
be characterized as algebraic structure satisfying certain axiomatic identities. Lattice

theory draws on both order theory and universal algebra since the two definitions

are equalent.2] Lattices as partially ordered sets.
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If (L,<)is a partially ordered set (poset) and SCL is an arbitrary subset, then an
element u€Ll is said to be an upper bound of S if s<u for each s€S. A set may
have many upper bounds or none at all. An upper bound u of S is said to be its
least upper bound or join or supremum, if u<x for each upper bound x of S.A set
need not have a least upper bound, but it cannot have more than one.Dually 1€l
is said to be lowerbound of S,if 1€s for each s€S. A lowerbound 1 of S is said to be
its greatest lowerbound or meet or infimum if x<l for each lowerbound x of S. A
set may have many lowerbounds or none at all,but can have at most one greatest
lowerbound. 2] Lattices as algebraic structures

A Join-semilattice is a partially ordered set that has a join for any nonempty
finite subset and a meet-semilattice is a partially ordered set which has a meet for
any nonempty finite subset , denoted by aAb and aVb respectively.(L,<) is called
a lattice.If it is both a join and a meet semi lattice.This definition makes A and
V binary operations.[1] An algebraic structure (L,A,V) consist of a set L and two
binary operations A and V on L is a lattice if the following axiomatic identities hold

for all elements a,b,c of L.[3]
e Commutative laws: aVb=bVa, aAb=DbAa
e Associative laws: aV(bVc)=(aVb)Vc aA(bAc)=(aAb)Ac
e Absorption laws: aV(aAb)=a, aA(aVb)=al2]

The following two identities are also usually regarded as axioms, even though they

follow from the two absorption laws taken together.[1]
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e Idempotent laws: aVa=a, aA=a

These axioms implies the (L,V) and (L,A) are semi lattices. The both join and meet
appear in the absorption laws, assure the two semi lattices interact appropriately

and distinguish a lattice from an arbitrary pair of semi lattices. In particular each

semi lattice is the dual of the other.[2] Examples

e Let X be a non empty subset, then the poset(P(X),<) of all subsets of X is a

lattice with the binary operations N and U respectively.[2]

e Let V be a vector space, and L be the set of linear subspace ordered by

inclusion. L is lattice with two binary operations intersection as S.T and sum

as S+T.[2]

e The set N of all natural numbers under divisibility forms a lattice. Here two

operations is defined as a.b=g.c.d(a,b) and a+b=l.c.m(a,b) for all a,beN.[2]
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section 1.3.

Definition:Sub Lattices.

S is a sub lattice of a given lattice L=(X;<) iff it is non-empty, and:Va,beS:sup(a,b) ESA
inf(a,b)€S.[3] Note that the sup and inf of any two elements in the sub lattices S
must be the same as the sup and inf of those elements in the original lattice L. It is
not sufficient that S being a subset of a lattice when S to be a sublattice. In addition
to S being a subset of a lattice, sup and inf operations must be inherited from the
lattice. Also can be defined as; A sub lattice of a lattice L is a non empty subset
of L that is a lattice with the same meet and join operations as L. That is if LL is a
lattice and M#( is a subset of L such that for every pair of elements a,b in M both
aVb and aAb are in M, then M is a sublattice of L.[3]

Examples

1. If LL is any lattice and a€L. be any element then a is a sublattice of L.

2. For any two elements x, y in a lattice L with x<y, the interval [x, y]|=

acl/x<a<y is a sublattice of L.[3]

Definition:Bounded lattice A bounded lattice is an alge-
braic structure of the form (L,V,A,1,0) such that L,V,A is a lattice, 0 (the lattices
bottom) is the identity element for the join operator , and 1 (the lattices top) is the

identity element for the meet operator A.[3]

e Identity laws: aVO0=a,aAl=a
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Definition:Complete lattice

A poset is called complete lattice if all its subsets have both a join and a meet.|[3]
Definition:Continuous lattice

A continuous lattice is a complete lattice that is continuous as a poset.[3]
Definition: Algebraic lattice

An algebraic lattice is a complete lattice that is algebraic as a poset.|[3]
Definition:Graded

A lattice (L,<) is called graded, sometimes ranked,if it can be equipped with a rank

function r from L to N sometimes to Z, compactible with the ordering (r(x)<r(y)

whenever x< y) such that whenever y covers x , then r(x)+1=r(y). The value of

the rank function for a lattice element is called its rank.[3]
Definition:Distributive lattice

A lattice L is called distributive if the laws x+(y.z)=(x+y).(x+2) and x.(y+z)=(x.y)+(y.2)

hold for all x,y,z€L.. These equalities are called distributive laws.[3]

Examples
1. (P(M),n,U) is a distributive lattice as AN(BUC)=(ANB)U(ANC)

2. Lattice N of natural numbers under divisibility is distributive. Hence a.b=g.c.d(a,

b) and a+b=l.c.m(a, b). Thus (N,g.c.d,l.c.m) is a distributive lattice.[3]
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Definition:Complementary
Two elements x, y in an interval [a, b] are complementary and call each a relative
complement of the other if x.y=a, x+y=b.[3]

PI'OpOSitiOH 1.3.1 A tattice L is distributive if the equations
a.c=b.c and a+b=b+c imply a=b hold for any a,b,c€L.[3]

proof: Let L be distributive and let a.c=b.c and a+-b=b+c. Then a=a.(a+c)=a.(b+c)
=(a.b)+(a.c =(a.b)+(b.c) =b.(a+c) =b.(b+c)=b Hence the proposition.[3]

PrOpOSition 1.3.2m any distributive lattice, relative comple-
ments in each interval are unique.[3]

proof: Let [a,b] be an interval. Let y and z be relative complements of x in

[a,b]. Then, x.y=a=x.z and x+y=b=x+z. Hence y=z by above proposition. 3]

Theorem 1.3.3

1. Let (L,<) be a lattice ordered set. If we define x.y=inf(x,y) and x+y=sup(x,y),then

(L,.,+) is an algebraic lattice.

2. Let (L,.,4) be an algebraic lattice. If we define x<y iff x.y=x, then (L,<) is a

lattice ordered set.[3]
proof:

1. Let (L,<) be a lattice ordered set for all x,y,z€ Lwe have, x.y=inf(x,y)=inf(y,x)=y.x
x+y=sup(x,y)=sup(y,x)=y+x Also, x.(y.z)=x.inf(y,z)=inf(x,inf(y,z) ) =inf(x,y,z)

=inf(inf(x,y),z) =inf(x,y).z =(x.y).z And similarly ,(x+y)+z=x+(y+2)

X.(x+y)=x.sup(x,y)=inf(x,sup(x,y))=x x+(x.y)=x-+inf(x,y) =sup(x,inf(x,y) ) =x
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2. Let (L,.,4) be an algebraic lattice. Clearly for all x,y,z€L) x.x=x and x+x=x So
x<x. i.e, < is reflexive. If x<y and y<x ,then x.y=x and y.x=y and x.y=y.x
So x=y. i.e, <is antisymmetric. If x<y and y<z, then x.y=x and y.z=y
Therefore x=x.y=x.(y.z)=(x.y).z=x.z. So x<z. i.e, <is transitive. Let x,y L.
Then x.(x+y)=x implies x<x+y and similarly y<x+y If z L. with x<z and
y<zthen (x+y)+z=x+(y+z)=x+z=z. And so x+y<z. Thus sup(x,y)=x+y

similarly inf(x,y)=x.y. Hence (L,<) is a lattice ordered set.[3]
section 1.4.

Some important properties of lattices.

e Completeness

A poset is called a complete lattice if every subset of poset has a least upper
bound and a greatest lower bound. In particular, every complete lattice is a

bounded lattice. [3]

Every poset that is a complete semilattice is also a complete lattice. Related
to this result in the interesting phenomenon that there are various compet-
ing notions of homomorphism for this class of posets, depending on whether
they are seen as complete lattices, complete join semilattices, complete meet

semilattices or as join complete or meet complete lattices.[3]

e Conditional completeness.

A conditionally complete lattice is a lattice in which every non empty subset
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that has an upperbound has a join.generalization of the completeness axiom
of the real numbers given by such lattices. A conditionally complete lattice is
either a complete lattice or a complete lattice without its maximum element

1, its minimum element 0, or both.[3]

e Distributivity[3]

Since lattices come with two binary operations, it is natural to ask whether
one of them distributes over the other. i.e, whether one or the other of the
following dual laws for every three elements a,b,c of L; Distributivity of over

a (bc)=(ab) (ac) Distributivity of over :a(bc)=(ab) (ac) A lattice that
satisfies the first or equivalently, the second axiom, is called a distributive
lattice.The only non-distributive lattices with fewer than 6 elements are called
M3(diamond lattice) and N5(pentagon lattice).[3] They are shown in figure: 1

and figure: 2 respectively.

e Modularity[3]

For some applications the disrtibutivity condition is too strong and the fol-
lowing weaker property is often useful.A lattice (L,A,V) is modular if, for all

elements a,b,c of the following identity holds;

Modular identity: (aAc)V(bAc)=[(aAc)Vb]A ¢ This condition is equivalent to

the following axiom, Modular law: a<c implies aV(bAc)=(aVb)Ac.[3]



Chapter 2

Modular lattices

section 2.1.

Modular lattice

We describe a special class of lattices called modular lattices. Modular lattices
are numerous inmathematics. In the branch of mathematics called order theory a
modular lattice is a lattice that satisfies the following self dual condition; Modular
law: x<b = xVaAb=(xVa)Ab; where < is the partial order, and and are the
operations of the lattice.[4] Modular lattice arise naturally in algebra and in many
other areas of mathematics. For example, the subspaces of a vector space (and more
generally the submodules of a module over a ring) form a modular lattice.Every
distribution lattice is modular. Modular elements are the elements in which a is not
necessarily modular lattice there is an element b for which the modular law holds in

connection with arbitrarily elements a and b . A pair (a,b) may hold the modular

14
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law is called the modular pair, and there are various generalisations of modularity
related to this notion and to semimodularity. The modular law can be seen as a
restricted associative law that connects the two lattice operations similarly to the
way in which the associative law, ux=aux for vector spaces connects multiplication
in the field and scalar multiplication. The restriction x<b is clearly necessary since
it follows for xVaAb=xVaAb. In other words, no lattice with more than one element
satisfies unrestricted consequent of the modular law. (To see this, just pick non
maximal b and let x be any element strictly less than b.) [4]

It is easy to see that x<b implies xVaAbxVaAb in every lattice. Therefore the
modular can be also being stated as modular law (variant):- x<b implies xVaAbxVaAb.
By substituting x with xb, the modular law can be expressed as an equation that is
required to hold unconditionally, as follows: Modular identity:-xAbaAb=aAbVaAb.
The smallest non modular lattice is the “pentagon” lattice N5consisting of five el-
ements 0, 1, x, a, b such that, 0<x<b<1, 0O<a<l1, and a is not comparable to x
or to b. For this lattice xVaAb= xV0= x<b=1Ab =xVaAb holds, contradicting
the modular law. Every nonmodular lattice contains a copy of Nbas a sublattice.
Modular lattice are sometimes called Dedekind lattices after Richard Dedekind who
discovered the modular identity in several motivating examples.[4]

Definition:Modular
A lattice L is called modular (or Dedekind) if for every x,y,z€L such that x<z, we
have x+(y.z)=(x+y).z This relation is called Dedekind’s axiom.[5]

Lemma 2.1.1
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For all lattices, an(bUc)>(anb)U(anc)[5]

proof:

an(bUc)>(anb)

anN(bUc)>(anc) Combining, we get

an(bUc)>(anb)U(aNc) A similar observation follows from the definition of mod-
ular lattices.[5]

Lemma 2.1.2
For all lattices,a>c = acap(bUc)>(anb)Uc[5]

proof:

a>c = aNc=c Using Lemma 2.1.1it follows that an(bUc)>(anb)Uc[5]

Lemma 2.1.2
L is distributive implies that L is modular.[5]

proof:

Assume that L is distributive. Then by f definition of a distributive lattice
, Ya,b,c:an(bUc)=(anb)U(aNc) = Va,b,c:a>c implies aN(bUc)=(anb)Uc (since
a>c is equivalent to anNc=c.)

Therefore L is modular.[5]

Duality principley
Any formula involving the operations .and + which is valid in any lattice (L,.,+)
remains valid if we replace . by + and + by . everywhere in the formula. This

process of replacing is called dualizing.[2]

Examplesp
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1. The normal subgroups of a group ordered by set inclusion from a modular

lattice.

Let G be any group and L be the set of all normal subgroups of G. Then L#¢

as GeL. (L,C) is then a poset.

For any A ,Bel, let A .B=ANB and A+B=AB Also ACAB and BCAB as

a€EA = aecAB,etc.

Thus AB is the smallest normal subgroup containing A and B. Indeed if C is
any normal subgroup containing A and B, then ABCC (x€AB = x=abeC

as acACC, acACC.

Now to check the modularity conditions. Here we proceed by applying the

Duality principle.

Let A,B,CeL. with ADB be any members.
We show A.B+C=B+(A.C)
i.e,ANBC=B(ANC)

Let xe ANBC be any element.

Then x€A and xébc = 3 beB, ceCs.t,x=bcx€A = bceA. Also beBCA —

b-1€A Thus b-1bceA = c€A = ccANC.
So beB, ccANC = bce BANC = x€BANC = ANBCCB(ANC)
Again if yeB(ANC) Then y=bk ;where beB, ke ANC

Now beBCA, ke A = bkeA
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Also beB, keC = bkeBC Thus bke ANBC = B(ANC)CANBC
Hence, B(ANC)=ANBC.

2. Let < R,=,. >be a ring and L be the set of all ideals of R, then (L,C)forms
a modular lattice.

(L,C) forms a lattice where for any A,BEL,A.B=ANB and A+B=AUB . We

show that L is modular.
Let A,B,CeL be any three members with ACB.
We claim AN(B+4C)=B+(ANC)

Let x€eAN(B4+C)be any element. Then x€A and xeB+C = x€A and
x=b+c,beB,ceC Now beBCA, x=b+c€A Thus b+c-bEA = c+b-beA =

c€A = ccANC

i.e, x=b+c,beB,ce ANC — xeB+ANC

i.e, AN(B+C)CB+(ANC)

Again by modular inequality which holds in every lattice,
AN(B+C)2>B+(ANC)

Hence,AN(B+C)=B+(ANC)

— L is a modular lattice.[2]
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proposition 2.1.4
A lattice L is modular if and only if, for each interval I of L,any two elements of I
which are comparable and have a common complement in L are equal.[3]

proof:

In a lattice L, given a,b,c€L, if a<c then a+(b.c)=a+band a+(b.c)<c

From the identities of lattice we have a.b=b and a+b=b fora,beL.

Hence b.c=b. Therefore a+(b.c)=a+b

Now, a+(b.c)=a+b=b+a=a<c. Hence a+(b.c)<c

Hence a+(b.c)<(a+b).c —(1)

Therefore L is non modular if and only if the inequality (1) is strict for at least
one triple (a,b,c) such that a<c. When a=c, the two sides of (1) are equal by the
absorption law.

L.H.S=a+(b.c)=a+b=b+a=a

R.H.S=(a+b).c=(a.c)+(b.c)=a+b=a

When a<c,suppose first that strict inequality holds in (1).

Put a’=a+(b.c) and ¢’=(a+Db).c then by (1) a<a’<c¢’<c—(2) And b.c’=b.(a+b).c
=b.c

a'+b= a+(b.c)+b=a+b

Moreover ¢’<a+Db, hence b+c’<a+b<b+c’ by (1)

Therefore b4+-c¢’= a+b and dually a’.b=b.c

This shows that a’ and ¢’ have the common complement b in [b.c,a+b]| and by

(2) they are comparable but distinct.
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Conversely if a’,c’ are distinct elements which are comparable and have a com-
mon complement in [u,v], say a’.b=c’.b=u , a’+b=c+b=v and u<a’<c’<v then
a’+(b.c’)=a’<c’=(a’+b).c.

Hence L is non modular.[3]

section 2.2.

Characterization of Modular lattices

There are two special lattices pentagon lattice and diamond lattice. M3 is modular.
It is, however, not distributive.[3]

To see this,we have,

anN(bUc)=anl=a and (anb)N(anc)=0U0=0.

Since a0 ,M3 is not distributive. All lattices of four elements or less are mod-
ular. The smallest lattice which is not modular is the pentagon (N5).

We now discuss about the modular lattices and characterization theorems of
modular lattices. In the definition of modular lattices, if ¢ satisfies (anb)<c<a,
then we get that anbUc=anbUc=c.

The following theorem shows that to check modularity it is sufficient to consider

c¢’s that are in the interval [anb,al.[3]
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Theorem 2.2.1

A lattice L is modular iff Va,beL

deanb,a = anbUd=d —(1) [3]

proof:
First, we show that (1) implies that L is modular.

Suppose c<a but anbNc is false.

We define d=cU(anb) —(2). Clearly d€[anb,a].

Consider an(bU)d. Replacing the value of d from (2) we get, an(bU(cU(anb)))=cU(anb))
- (3)

Now consider an(bUc).

Using the fact that c<cU(anb) we get an(bUc)<an(bU(cU(anb))) — (4)

Combining (3) and (4), we get an(bUc)<cU(anb).

Rewriting the equation gives us an(bUc)<(anb)Uc.

Since aN(bUc)<(anb)Uc holds for all lattices (Lemma 2.1.2), we get, an(bUc)=(anb)Uc.

Hence L is modular, which is what we wanted to show. Showing the other side,
that modularity implies condition (1) is trivial.

The following lemma is useful in proving the next theorem.[3]

Lemma 2.2.2

For all lattices L,V ab,c: let v=an(bUc) and u=(anb)Uc. Thenr>u —
[vNb=unb]A[rUb=uUb].[1]

proof:

We show the first conjunct. The proof for the second is similar.
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anb=(anb)Nb<[(anb)Uc]Nb=unb (bydefinition of u)

<vNb (since v>u)

=(an(bUc))Nb (by definition of v)

=anb (since b<(bUc).

We are now ready for another characterization of modular lattices.[1]

Theorem 2.2.3

A lattice L is modular if and only if it does not contain a sublattice isomorphic
to N5.[1]

proof:

L violates the modularity if it contains N5 .

Now assume the contrary that L is not modular. Then, there exist a, b, ¢ such
that a>c and an(bUc)>(anb)Uc.

It can easily verified that b|ja and b||c. For example b<a = (anb)Uc=bUc<an(bUc).
The other cases are similar. We let v=an(bUc) and u=(anb)Uc. We know that v>u.
It is easy to verify that b|lu and b||v.

For example,b<r=b<an(bUc) = b<a.

From Lemma 2.2.2, uUb=rUb and unb=vNb Thus u,r,b,uUb and unb form
N5.[1]

Theorem 2.2.4[Shearing identity]|[3]

A lattice L is modular if and only if Vx,y,z:xN(yUz)=xN((yN(xUz))Uz.

Proof:

Assume that L is modular.We have to prove that the shearing identity. We use
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the fact that xUz<z. (yN(xUz))Uz=2zU(yN(xUz)) =(zUy)N(xUz)(by modularity)
=(yUz)N(xcupz)
Considering the right hand side of shearing identity.

xN(yN(xUz))Uz =xN((yUz)N(xUz) =xN(yUz) (since x<xUz).[3]

23
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Representation of modular lattice

section 3.1.

Definition:Representation

Let L be a modular lattices and V be a finite dimensional vector space over a field
K. A representation of L in V is a morphism from L into the lattice L(V).Thus a
representation:L—L(V) associates with each element x€L a subspace p(X)CV such
that for every x,yeL, p(xy)= p(x)p(y)[4]

plxty)= p(x)+p(y)

Definition:ie pland p2 be representations of a lattice L in vector
spaces V1 and V2 respectively. We set p(x)=p1(x)®p2(x),VxeX, where pl(x) p2(x)
is the subspace of V1&V2 consisting of all pairs (e,n) such that e€pl(x) and nep2(x).

This defines a representation in the space V=V1&V2 .[4]

Deﬁnition: A representation p is decomposible if it is isomorphic to the

24
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direct sum set p=p1@p2 of two nonzero representations plandp2. The representation
p in a vector space V is decomposible if and only if subspaces Ul and U2 such that
U1.U2=0 and U14U2=V and that p(a)=Ulp(a)+U2p(a), VacL. [5]

Definition:Perfect lattice

An element a of a modular lattice L is called perfect if for every field K and every
representation p:L—L(V)=L(Kn) the subspace p(a)CV has the property that, there
is a subspace U complementary to p(a) (i.e, Up(a)=0 and , U+p(a)=V) such that
the subspace U and p(a) define a decomposition of p into the direct sum of sub
representations. i.e, p(x)=Up(x)+p(a).p(x) for every element x€L.[3]

Definition:Linear lattice

A modular lattice L is called linear if for any x,y€L and every representation
p:L—L(Kn) we have, x=y <= p(x) =p(y).[3]

Definition:Linear equivalence

Two elements a and b of a modular lattice L are called linearly equivalent if p(a)
= p(b)in every representation p:L—L(Kn) for any K and n. In this case we write
a~b.[3]

Definition:Projective space

Let V be an (n+1)-dimensional vector space over F. The projective space P(F n)
is the geometry whose points, lines, planes,.... Are the vector subspaces of V of
dimensions 1, 2, 3... A projective space of dimension n over a field F can be
constructed by “projection” of an (n+1)-dimensional vector space over F. Note also

that a d-dimensional projective space is a d+1-dimensional vector subspace.|[3]
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Definition:Completely irreducible

A representation of a modular lattice L in a space V over a field K of character-
istic zero is called completely irreducible if p(L)=P(Q,m).(i.e, projective space over
the field Q of rational numbers). Here we denote by p(L)the sublattice of L(Kn)
consisting of all elements a,a€L.[3]

Case 1: First we construct the representation pt,] in the vector spaces Vt,l
t€1,2,3,...1€1,2,3,.. ..

Clearly a representation p of Dr in a space V is completely determined by the
subspaces (€j),j=1,2,... of V. We set pt,l(ej)=Ej,1CVt,l.

Let 1=1 then pt,1;t€1,2,3,. .. r is the representation in the one dimensional space
V=K1 such that pt,1(ej)=0 if j#t and pt,1(ej)=V. Now let t;1. We denote by
Wt,l the linear vector space over K with the basis na where a=(il, i2,...... il-
1,t) ranges over the whole set At(r,l)(a€At(r,]) < a=(il, i2,...... il-1,t)and t
fixed). We denote by Zt,l the subspace of Wt,l spanned by all possible vectors.
ga k=coiknil,i2,. .. .ik.....il-1,t ; where 1<k< I-1 and the summation is over those
a=(il, i2,...... il-1,t)in which i1,i2,....ik-1,ik+1,... il-1 are fixed. Next we set
Vt,1 =Wt,1/Zt,1. The images of the vectors na in the factor space Vt,1 are denoted
by €a. Thus Vt,1 is a vector space over K spanned by the vectors €a for which
oike€il,i2,. .. .ik.....il-1,t=0 Vk.

By Ej,t we denote the subspace of Vt,1 spanned by all vectors €a such that a=(il,
i2,...... il-1,6)=(j,i2,. . . ... il-1,t) where i1=j is fixed. We define a representation pt,1

in Vt,1 by setting pt,l(ej)=Ej,t.
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Case 2: For 1=1, p0,1 is the representation in the one dimensional space V=K1
such that p0,1(ej)=0V i=1,2,...r.

For 1;1, we define a set AO(r,]) in the following way, A0(r,l)=a=(il, i2,...... il-
1,0): ixel=1,2,.....r, i1#£i2i2#4i3,. .. .il-2#il-1. Clearly A0(r,])#A0(r,1-1).

The representation p0,1is constructed on A0(r,1). The vector space over K with
the basis na ,where a€A0(r,1) is denoted by WO0,1. Further let Z0,1 be the subspace
of W0,l spanned by all possible vectors ga,k=ciknil,i2,... .ik.....il-1,0. We denote
by V0,1 the factor space W0,1/Z0,1 and by €« the image of na under the canonical
map WO0,1—-V0,]. The subspace of V0,l spanned by €a with a=(il, i2,...... il-
1,0)=(,i2,...... il-1,0) is denoted by Ej,0. We define a representation p0,1 in V0,
by setting p0,l(ej)=Ej,0.[3]

Definition: Admissiblej

Let p be a representation of modular lattice L in a linear space V. A subspace
U of V admissible relative to if for any x,y€L one of the following conditions is

satisfied.
L U(p(x)+p(y))=Up(x)+Up(y)
2. U+p(x)p(y)=(U+p(x))(U+p(y))

[5]
Proposition 3.1.1
Let p be a representation of a lattice L in space V. Let U be a subspace of V

and let U"=V /U the factor space. Let §:V—U"be the canonical mapping. Then
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the following conditions are equivalent.
1. The subspace U is admissible relative to p
2. The correspondence defines x—Up(x), a representation in U.

3. The correspondence defines x—6p(x) a representation in U”.[5]

Proof:rist we show that (i) = (ii).

Let U be an admissible subspace. Then Up(x+y)= U(p(x)+p(y))=Up(x)+Up(y)

Moreover Up(xy)=Up(x)p(y)=(Up(x).Up(y)) Consequently the rule x—Up(x)
defines a representation in U.

This representation is called admissible, it is also called the restriction of p to U
and is denoted by p/U. In the similar way (ii) and (iii) can be proved.[5]

Proposition 3.1.2

A representation peR(L,K), the set of finite dimensional representations of L over
K in V is decomposible if and only if there exist nonzero subspaces U1,U2,.....Un
such that

V=U1@U2.....4Un and if Vx€L,

p(x)=ci=1n Uip(x)—(1)[6]

Proof e necessity of (1) is clear. To prove the sufficiency we show that
every subspace Ui is admissible.

i.e, Uj(p(x)+p(y)=Ujp(x)+Ujp(y) for any x,y€L By (1), p(x)+p(y)=ci=1n Uip(x)+ci=1nU

Using Dedekind’s axiom we find;
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Uj(p(x)+p(y))=[Uj (oi=In Uip(x)+oi=1n Uip(y)] =Uj(Ujp(x)+Ujp(y)+oi#jn
(Uip(x)+Uip(y)) =Ujp(x)+Ujp(y)+Ujoi#in(Uip(x)+Uip(y)) Note that Ujoizjn(Uip(x)+Uip(y
Ujoi#jnUi=0

Consequently Ujp(x)+p(y)=Ujp(x)+ Ujp(y)

This proves that every subspace Ujis admissible and means that the correspon-
dence xUj xdefines a representation Ujin Uj. It is easy to check that=Uj ; where is
over i=1,2,....n and also so that is decomposible.

We now assume that V=U14U2.....4Un and that each of the subspaces Ui is
admissible relative to p. The following example shows that we cannot in general
assert that is equal to the sum of its restriction pUj.[6]

Proposition 3.1.3[5

Let v+(l)eB+(l)and v+(m )eB+(1). If I< m then v+(1)Dr+(m ) Similarly if
1< m then v-(1)Cr-(m ) where v-(i) €B-(i) To prove this we need two lemma

Lemma 1

Let a= (il,i2, . . . ,il) € A(r,]) for 1<2. We write

() = (i1,42,...,il — 1).Thentheelementse and ewra of Dr can be ordered as
follows emDeq .

Proof:mue proof is by induction on 1 [5].

Let 1=2 i.e; a=(il1,i2).Then the elements ea =eili2=eiljili2 ej and em(a=eil.
Clearly eaCe.

Suppose that the lemma has been proved for every A€A(r,\) with A<1. We

prove it for a = (il,i2, . . . |il).
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By definition ea =eili2,... il=XFeT(a)ef;where 7(a) = pf=(k1,k2, . . . kl-1)
€ A(r, 11) / kIl i2, k2 ¢ 12, i3, . . . , k-1 ¢il-1, il

Similarly em(a=eil,i2,... il=Xper(m(a))es; where 7(m(a))= " = (ml ;m2,. . .

ml-2)e A(r, 1-2) /ml¢ il, i2, m2¢ i2, i3, . . . , ml-2 ¢il-2, il-1
Clearly for any p=(k1,k2, . . . kl-1) €7(m(a) we can find an element f’er(m(a)
such that f’=n(5)=(k1,k2, . . . kl-2).

By induction on such and f’=n(f)) we have efCen(f).

Consequently Xfer(a)efCEf’er(m())eff Hence eaCern(a).7.[5]

Lemma 2

Let ht(1-1)€B+(1-1) for I>1 and t €1.Then eax Cht (1-1) for every acA(r,l).

Proof of proposition:j

The maximal element of B+(1) is VI,]=XYi€l ei(l)=XacA(r, l)ea and the minimal
element of B+(1-1) is V@,l-1=ntel ht . It is clear from lemma 2that for any a€ A(r,
1),ntel ht(1-1) Dear

Therefore V I-1= Ntel ht(1-1) DXacA(r, 1)ea=VI,L

Now if v+(1-1) and v-(I-1) are arbitrary elements of B4(1-1) B+(1) respectively
then,v+(1-1)DV6 1-1Dv+1.

The corresponding statements for the cubicles B-(1) and B-(m) is obtained by
duality.

We denote by B+ the subset of Dr that s the union of the B+(l) 1= 1,2,..
Similarly B-=Ul=1 B-(1).

Hence the proposition.



Chapter 4

Cubicles

In this section we deal with the representation of the modular lattice Dr with r
generators el,e2,... er. It is dealt with the construction of the sublattice B of Dr
whose elements all are perfect.Here the lattice Dr is the r-dimensional lattice with
countably many elements.

section 4.1.

Constructions

We construct sublattices B+(1) and B-(1) each consisting of 2r perfect elements. We
call B+(1),the Ith upper cubicle and B-(1),the Ith lower cubicle.[4]

To define the upper cubicle B+(1) we set ht(1)=Xj#t ej. Then the upper cubicle
B+(1) is the sublattice of Dr generated by the elements h1(1), h2(1),..., hr(1).Thus

B+(1) is isomorphic to the lattice of vertices of an r-dimensional cube with the

31
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natural ordering. The element hi(1) corresponds to the point (1,1,. . . ,1,0,1, . .
,,1,1) with 0 in ith place. Now we construct the lattice B+(1) with 1;1 from certain

important polynomials eil,i2,..il. Now we proceed to define this polynomials. Let

1< and 1=1,2,. . . ,r. We denote by A(r,]) the set whose elements are sequence of
integers o= (i1,i2, . . . ,il) with i€l such that i1i2,i2i3, . . . ,il-1#il. In particular
A(r,1) = 1.

For fixed acA(r,]) we construct a set ¢ («) consisting of elements S€A(r,l-1) in

the following way ; ¥(a) = f=(k1,k2, . . . kl-1)eA(r]) / k1 &il, i2, k2¢ i2, i3,
e kl-1¢ il-1, il Note that k1¢k2, k2¢k3, . . . kl-2¢kl-1because SA(r,l-

1).With each a€A(r,]) we now associate an element ea€Dr by the following rule;
j#il1, 12 Let 1=1 and a=(il) we set ea=eil

Forl=2 and a=(il,i2) with i1#£i2 we set ea=eili2=eil¥ e (a) ef=%j#11,i2 €j.

In general for arbitrary 1 and a€A(r,l) we set by induction ea = eil,i2,..il =
eil¥ ey (a) ef Now we introduce the elements ht( 1). We denote by At(r, 1) the
subset of A(r, 1) consisting of all a= (i1,i2, . . . ,il-1,t) whose last index is fixed and
equal to ‘t’.

We set et(l) =XacAt(r,]) ea and ht(l)=Xj#1ej(1).

Thus we define the sublattice of Dr generated by the elements hl (1), h2(1),. . .
,hr(1) as follows.

Definition:The subsets of Dr generated by hl (1), h2(1),. . . hr(l) is
called the 1th upper cubicle B4(1). The collection of elements of all of the cubicles

B+(1) is also a lattice which is denoted by B+. We denote by B-(1) the sublattice



CHAPTER 4. CUBICLES 33

of Dr dual to B+4(1).The sublattice B+(1) is called the Ith lower cubicle.[4]

Atomic representation and their connec-
tion with representation of B+(1) 5

We define the most trivial among the indecomposable representation of Dr the
atomic representations of Dr the atomic representation for pj,1for je1,2,...r.

a. The representation p0,1 n the one dimensional space V=Klis defined by
p0,1(ei) = 0V iel,2,... r. It follows that p0,1(x) = 0 V x€ Dr.

b. The representation pt,1 for t€1,2,...r in V= K1 is defined by pt,1(ei) = 0 for
t=j and pt,1(et)=V.

We have B+(1) is a Boolean Algebra with minimal element V6,1=Ntel ht(1 ).
Now we prove that V6.1 is perfect that is the restriction of p to p(V@,l) s a direct
summand of p . We denote p(V0,1)by V1.

Proposition 4.1.1

Let p be a representation of Dr in a space V over K and let V6.1 be the
p=(®jeU0p],] )& 76, 1 where 76, 1 is the restriction of p to the subspace V1=
p(VO.1) and each pj, 1 is a multiple of the atomic representation pj,l. i.e; pJ,1=pj,ldpj, 1. . . Bj,1(n
times) where mj>0.

Proof:

We choose Uj such that V=(®jeU0 Uj)® V0,1 where 0=U0=0,1,,r and p decom-
poses into a direct sum relative to these subspaces.

We claim that Uj can be chosen as subspaces satisfying the following relations

U0Xi=1r p(ei)=0, U0+Xi=1r p(ei)= v —(1)
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And for any j#0 , j€

Uip(hj) =0 Ui+ plejhj) =p(ej); where hj=hj()=St] et — (2)

Step 1

Any element of B+(1) can be written in the form;

Va,l=X ic€a ei+X jea’ ejhj — (3) where; a is a subset of =1,2,,r and a’=-a.

We write Va,l=p(Va,l) and claim that if in V subspaces Uj, j=0,1,. .. ,r are chosen
to satisfy (1) (2) then for any aC, Va,l=%jca Uj +V0,1 — (4)

We prove (4) first for the case of one element subsets a =t, t€1,2,... r.i.e; prove
that Vt,1=Ut+V6,1 —(5) Let p(ei)=Ei and p(hi) = Hi

Then from (3) Vt,1=Xi#t EiHi and V#,1=Xi=1r EiHi.

This proves (4).Then we find that Ut+V#6,1= Ut+Xi=1r EiHi =Ut+EtHt+Xi#t
EiHi

From (2) Ut+Et Ht=Et,consequently Ut+V# 1= Ut+Xi#t EiHi=Vt,]

This proves (5)

We have B+(1) s a Boolean Algebra and that VaUb,]1=Va,l4+Vb,1 for any subset
a,bC. n particular Va,l=Xtea Vt,l.

Thus every subspace p(Va,])=Va,l can be represented as a sum Va,l=tca Vt,l.
Putting Vt,1=Ut+V#,]l in this we obtain

Va,l=Ytea (Ut+V0,]l) =Xteca Ut+Vo,L

This proves (4).

Step 2

We show that our chosen subspaces Uj are such that
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V=ve leU0aUle. . . Ur.

We write at=t+1,,r and Wt=Vat,l=p( Vat)

Wt=Xi=1t EiHli+Sj=t+1r Ej

t follows easily from the relations EiHiCEi that the subspaces Wt,t€1,2,.r form a
chain, WrCWr-1C. .. CW2CWI1CWOCV,where Wr=Xi=1t EiHi=V#.,l, W0=X i=1r
Ei =VI.

We claim that Uj,j€0,1,2,,r subject to (1) and (2) are connected with the Wj by
the following equatons,

W0+U0=V and WOUO= 0 — (6)

And for every t€1,2,,r, Wt+Ut= Wt-1 —(7)

UtWt=0 — (8)

Note that (6) is the same as (1) because ,W0=Xi=1r Ei+Xi=1rp (ei)

We have proved earlier that Va,l=Yica Ui +V6.,lVaC.

Consequently Wt=Vat,1=%j=t+1r Uj4+Vl 1=Xj=t+1r Uj+Wr

Now (7) evidently follows from this equation. Note that

Wt=Xi=1t Eilli +Dj=t+1r BjCEtHt+Yj#t Ej=EtHt+Ht=Ht.

From this,using (2)(UtHt=0 ) we obtain UtWtCHtUt=0. i.e; UtWt=0.

This proves (8).

It follows easily from (6) - (8) that V=%t=0r Ut+Wt=Xt=0r Ut+V6,] and that
this sum is direct.

Step 3

We claim that for every i€1,2,... 1, Ei=Xj=0r EjUj+ EiV6,l — (9)



CHAPTER 4. CUBICLES 36

To prove this we first show that EjUj=0 for i#j and EiUi=Ui.
For by construction U0Xi=1r Ei=0 and UjHj=UjXi#j Ei=0, Ui+-EiHi=Ei.

Consequently,Vi£0 we have

1. UOEi=0

2. UjEi=0,for i£0,j#£1

3. EiUi=Ui

Thus we can rewrite the right hand side of (9) in the following form;

Yi=Ir EiUj +EiVé,l

Let us find EiV6,]

By definition VO 1= p(V#,1)=p(Nj=1r hj)=Nj=1rHj Where Hj=Xt+#j Et.Hee EiHj=FEi,where
i#j and therefore

EiV01=Einj=1r Hj=Nj=1r EiHj=EiHi which is true by construction (2).

This proves (9).

Step 4

We combine the results of steps 2 and 3 we have proved that V=Xi=1r Ui+V#4,]
and that this sum is direct. Further we have proved that every subspace Ei(c=p(Ei))
is represented as sum,Ei=>j=0r EiUj+EiV# 1. p splits into the direct sum

p=(®je0pJ,l) @ 70, 1 where pJ,l=pUj and 760,1=pVé,l

Step 5

We claim that pJ.l is a multiple of the atomic representation pJ,l.

i.e;pdl=pj,ldj,lb. .. Bpj,l.
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First we study the representation p0,1 . The subspace U0 is admissible,therefore
p0,1(ei). We have proved that UOEi=0 Vi. Thus the sub representation p0,l in UO is
such that p0,1(ei)=0 Vi.

If dim U0=m0>0, then p0,1 is different from zero and clearly splits into the direct
sum p0,1=p0,1Hp0,1d. .. B0,1 of atomic representation p0,l.

Similarly for the pJ,l,with j#£0, we obtain

pi,l(ei)=Ujp(ei)=EiUj=0, if i#j= Uj,if i=j

If dim Uj=mj> 0 then it is easy to see that pj,]1 splits into a direct sum of atomic
representations pj,l=pj,1®pj,1®. .. Spj,l.[5]

Lemma 4.1.1p3

Let L be an arbitrary modular lattice and el, . . . ,er a finite set of elements
of L. Then the sublattice B generated by the elements hj=i#jei , j = 1,2,... ris a
Boolean Algebra.

Proof:ie ¢ be a non empty subset of I= 1,2,....,r. We claim that the
following identity holds in L ; Ni€C hi =XieC eihi +Xke(I-C) ek—(1)

If C consists of a single element C = j then (1) takes the form hj= ejhj+Xk#;j
ek— (2)

By definition 3¥k#j ek=hj. Thus in the case C= j we must prove that hj=ejhj+C1
which is obviously true.

Suppose that (1) is proved for every subset C of m elements (m<r). Now we show
that (1) holds for every subset C1 containing C and consisting of m+1 elements.

Suppose for example that C1 = CUs where s¢C.
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Then; NjeC1 hj= hs(NjeChj)

= Yt#s et (XieC eihi +ke(I-C)ek) =Xtes et(XieC eihi+Xke(I-Cl)ek+es)

It follows from s¢C that; 3tées etD 3ieC eiD 3ieC eihi and

Yt#s et OXke(I-C) ek

Then by Dedekind’s axiom

NjeC1 hi =XieC eihi +Xke(I-C) ek+(Xt#£set)es

= YieC eihi +3ke(I-C)ek +es hs =XieC eihi +Xke(I-C)ek

We have denoted by B the sublattice of L. generated by the elements hj=Xt#j
et. We claim that every element v€ B can be written in the form v=>Yi€a ei+Yjeca’
ejhj where Ca and a’= I-a.

Note that in the case v=hj we have proved in (2) that hj=Xi€l-a ei+ejhj Now
let v1v2 be two elements of L such that; vq=Xicaq ei+¥jca’q ejhj (q=1,2)

It easily follows from the identity eih+-ei that vl+v2=Yie(alUa2)ei+Xj€(alUa2)ejh]

Applying (1) we can write in the case a#l;

Yiea ei+Xjea’ ejhj =Nj€a hj

In accordance with this identity, in case aq#I we have;

vlv2=(Ni€al hi)(Ni€a2 hi)=Nie(al’'Ua2’)hi

Since we have al’Ua2’ = (alNa2)’ we have;

viv2=ni€(al€a2)’hi =Xic(alNa2)ei + Xje(alNa2)ejhj

It remains true when al= 1 or a2 = I. We proved that every element vEB can
be written in the form v =Yi€a ei+Xjca’ ejhj.

We denote such an element by va. The set of all subsets of I = 1,2,...,r is
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denoted by B(I).We know that B(I) is a Boolean algebra with 2r elements. We have
proved that va+vb=vaUvb and va.vb=vanvb for an a,b€B(I).This shows that the
correspondence a —va is a morphism of B(I) onto B.

Hence B is a Boolean algebra with 2m elements where m<r.[3]

Corollary 4.1.2j3

Each sublattice B4+(1),B+(1) ; 1= 1,2, . . . of Dr s a Boolean algebra.
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CONCLUSION

This paper presented the very basic concept about lattices and modular lattices
especially the representation of modular lattice Dr. The fundamental concepts,
properties and propositions about lattices were discussed thoroughly. The different
kinds of lattices with examples and its properties were taken in particular in first
chapter. Modular lattice and its characterisation is considered in the second chapter.
Representation of modular lattices are considered and defined in the third chapter.
Finally the sublattices of modular lattice named cubicles were introduced and hence
the upper cubicle and the lower cubicle were defined. The construction of sublattices
B+(1) and B-1 were discussed more clearly through the fourth chapter.

Apart from this, the theory of posets and lattices has many practical application
in distributed computing. We believe that the future will bring even more applica-
tions of the theory of order to distributed computing. For example, the concepts of
Mobious function, Zeta polynomial and Generating functions in a posets or modular

lattices,geometric lattices etc.
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