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Part A (Short Answer Questions)
Answer any eight questions.
Weight 1 each.

1. Define a Cauchy sequence. Give an example.
2. Prove that an infinite dimensional subspace of a normed space need not be closed.
3. Prove that |1 To|| < [|T1|||| T2 and || T < ||T||™

4. Let f: Cla,b] — R be alinear function defined by f(x) = z(to), to € [a,b] Is f a bounded functional on C|a, b]?
Justify

5. Let X be a finite dimensional vector space. If zgp € X has the property that f(xz¢) = 0 for all f € X*, then zp =0
6. Define projection operator. Show that it is idempotent.

7. Define an orthonormal set. Show that it is linearly independent.

8. Prove that if, (v, w) = (vg, w) for all w in an innerproduct space X then v; = v

9. Define totally ordered set. Give an example.

10. Let X, Y and Z are normed spaces and T € B(X,Y) and S € B(Y, Z) then prove that (ST)* = T* S*.
(8%1=8 weightage)
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Part B (Short Essay/Problems)
Answer any six questions.
Weight 2 each.

Prove that a metric d induced by a norm satisfies translation invariance.

Prove that a closed and bounded set in a metric space need not be compact.
Define Null space and Range of a linear operator and prove that they are vector spaces.
Prove that in a finite dimensional normed space X, every linear operator is bounded.
Show that the space [? with p # 2 is not an inner product space,

Prove that for any 2 in an inner product space X can have atmost countably many nonzero Fourier
coefficients (x, ex,) with respect to an orthonormal family (e), k € I in X.

Define Hilbert-adjoint operator. Let Hy and Hs are Hilbert spaces and S,T € B(H,, Hs) then prove that
(S+T)*=8*+T* and (aT')* = aT*where o be any scalar.

Prove that the product of two bounded linear operators on a Hilbert space is self-adjoint if and only if the operators commute.

(6%2=12 weightage)

Part C (Essay Type Questions)
Answer any two questions.

Weight 5 each.

(i) Define complete metric space.
(i) Show that IP,1 < p < oo is complete.
(iii) Show that (@) , the set of rational numbers with respect to usual metric is incomplete.

Show that dual space of I? isl7 1 < p < o0, % + % =1

Prove that an Orthonormal set M in a Hilbert space H is total in H if and only if for all @ € H the
parseval relation holds.

State and prove Hahn-Banach theorem of extension of linear functionals.

(2%x5=10 weightage)
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